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Abstract
We performed laser wakefield electron acceleration experiments using laser powers up to
100 TW in the ‘bubble’ regime. The measured angularly resolved energy spectra of the
electron beam showed evidence of betatron oscillations during the acceleration process.
Through diagnosis of these oscillations, electron injection into the wakefield could be
controlled through adjustment of the shape of the laser focal spot or through changes in the
plasma density. Several different acceleration regimes could be accessed including
(i) injection of a single electron bunch into the wakefield ‘bubble’ (ii) multiple injection of
several electron bunches and/or (iii) production of a transverse break up of the electron beam
within the ‘bubble’ due to an asymmetry of the wakefield. We apply analytical formulae for
electron motion in a wakefield to understand the experimental data.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Laser wakefield electron accelerators (LWFAs) [1–9] are a
potentially attractive ultra-short pulse source of electrons and
x-rays for scientific and medical applications [10–12] due
to their compact size. In previous work, narrow divergence
synchrotron-like x-ray beams have been obtained from LWFA
experiments up to energies of a few 10 s of keV having a peak
brightness comparable to that of 3rd generation synchrotron
sources [13–22]. In LWFA x-ray sources, laser generated
relativistic plasma waves in a low density plasma are used as the
medium for generation and acceleration of an electron beam.
The same plasma also provides a ‘wiggler’ [13, 20, 21, 23]
for x-ray production because of the transverse electric fields

1 Present address: Photon Pioneers Center in Osaka University, Techno-
Alliance Building Rm. A807, 2-8 Yamadaoka, Suita, Osaka, 565-0871, Japan.
2 Present address: University of California, San Diego, CA 92093, USA.
3 Present address: University of California, Berkeley, CA 94720, USA.
4 Present address: Dynamical Experiments Group, Propulsion Division, Soreq
NRC, Yavnee 81800, Israel.
5 Present address: JILA, University of Colorado, Boulder, CO 80309, USA.
6 Present address: LOA, Ecole Polytechnique, Paris, France.

in the accelerating plasma wave structure. In this plasma
wiggler, electrons in the beam execute transverse oscillations
(orthogonal to the direction of electron beam propagation)
as they are accelerated consequently producing x-rays. The
x-ray spectrum has previously been characterized as having
a synchrotron-like shape with a peak at the critical energy
given by

Ec = 3

4
γ 2h̄ω2

p
rβ

c
,

where γ is the Lorentz factor of electron beam, ωp is
the plasma frequency in the ambient plasma and rβ is
the betatron oscillation amplitude in the plasma cavity
[24]. Understanding the underlying dependence of the
oscillations on experimentally controllable parameters such
as plasma density, laser intensity, pulse shape and interaction
length is necessary for the development of a reliable x-ray
source [25–27].

In this paper, we investigate how electron injection
mechanisms for laser wakefield acceleration can be controlled
and show that measurements of angularly resolved electron
spectra can be used to retrieve the electron trajectories in the
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Figure 1. Experimental setup.

bubble shaped wakefield [28, 29] to determine the injection
process. It was possible to access several regimes of
acceleration in these experiments: (i) single beam injection
when the bunch charge was small (ii) multiple consecutive
injection events of electron bunches into the wakefield
(resulting in a significant increase in total beam charge from
beam driven acceleration) (iii) single beam injection at higher
current, resulting in break up of the beam within the bubble
due to asymmetries in the wakefield. The generation of such
beams may also lead to enhanced x-ray production. For
applications, control of the injection and instability processes
during wakefield acceleration in the bubble regime is critical.

We also show that analytical formulae for electron motion
in a bubble-shaped wakefield show reasonable agreement when
compared with the experimental data. This data consequently
provides useful information about the interaction of the
electron beam with the laser generated wakefield. The only
free parameter in the model is the radius of the bubble (rb),
which was found to be close to the matched spot size for self
focusing rb = 2

√
a0c/ωp [30], where a0 = eE0/mcω0 is the

normalized vector potential of the laser.

2. Experimental results

In the experiments, (figure 1) a high power laser pulse
(λ0 = 800 nm, τ = 35 fs) irradiated a helium or hydrogen
gas jet target. No significant difference between helium and
hydrogen was observed for our experiments. Two standard
conical supersonic gas jets [31] of diameters 2 and 5 mm were
used in the experiments discussed here.

Using an f/10 configuration, the 10 cm diameter laser
beam was focused using a 1 m focal length off-axis parabolic
mirror to a spot of 10 µm full-width-at-half-maximum
(FWHM) containing 60% of the pulse energy, after wavefront
correction with a deformable mirror [32]. A peak focused
intensity of I = 8 × 1019 Wcm−2 was achieved when using a
laser power of 100 TW.

A probe pulse was generated by splitting 4% from
the interaction pulse using a 2 µm thick pellicle and sent
through the plasma, orthogonally to the interaction pulse, as
a diagnostic beam. A shearing interferometer was used in the
probe arm to measure the plasma density profile with a 12-bit
charge coupled device (CCD) camera as the detector. The

spatial resolution for these measurements was approximately
10 µm. An interference filter with a central wavelength of
800 nm and a bandwidth of 100 nm was placed in front of the
CCD. Accelerated electrons produced in the interaction were
deflected by a sector shaped magnet and were measured by a
LANEX (Kodak) scintillating screen. In some experiments,
the magnet was replaced by a square magnet to improve
energy resolution. The front surface of the LANEX screen
was shielded to block light emission from the plasma as well
as electrons with energies below 80 keV. Light emitted by
the LANEX screen was imaged by a lens onto another CCD
camera through a BG-39 (Schott Glass) filter. The detection
energy range of the spectrometer with the sector (square)
magnet was between 14 and 200 (40 and 350) MeV. The
energy scale on the LANEX screen is nonlinear and hence
the resolution was ±5 (or ±1) MeV for 50 MeV electrons, and
±7 (or ±2) MeV for 100 MeV, which was limited by a typical
electron beam divergence of 10 mrad. The camera signal
was absolutely calibrated to the charge by use of an imaging
plate [33]. The transmitted laser beam was also reflected by a
glass wedge and then re-imaged in order to measure the laser
mode and spectrum.

Angularly resolved electron energy spectra are shown in
figure 2. The vertical axis is perpendicular to the polarization
plane of the laser and represents the angular distribution of
electrons. The horizontal axis represents the electron kinetic
energy. Electron bunch charge is shown in the right corner of
each image and was obtained by integrating signal in the whole
image.

The spectra indicate a threshold plasma density for the
generation of trapped electrons, as seen by other authors [34].
We observed that the difference between electron bunch charge
below and above the injection threshold at fixed laser power
was about one order of magnitude [39]. In these experiments,
the threshold density for 80 (30) TW was ne = 1.3×1019 cm−3

(ne = 1.7 × 1019 cm−3 ). When the laser pulse (focused to
a0 = 3) irradiated the plasma below the threshold density,
as in figure 2(a), a single bunch with a narrow angular
width was consistently observed and the measured shot-to-
shot fluctuations (beam pointing, spectral shape) were small.
Here we use a0 as that corresponding to the peak intensity at
focus in vacuum. In this case, the energy spectrum observed
is quasi-monoenergetic indicating a combination of electron
beam injection stopping and phase rotation.
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Figure 2. Angularly resolved electron spectra from a He gas jet. The vertical axis is the angle of an electron propagating in a straight line
from a point at the gas jet exit and the horizontal axis shows the electron kinetic energy. Plasma density is (a) ne = 1.2 × 1019 cm−3, (b)–(k)
ne = 1.8 × 1019 cm−3, and (l)–(n) ne = 1.0 × 1019 cm−3, respectively. Numbers within individual images indicate the total electron charge.
Laser intensity was in the range of (a)–(k) a0 = 3.0–3.3 corresponding to a power of 30 TW and (l)–(n) a0 = 5.1–5.4 corresponding power
of 80 TW.

When the plasma density was increased above the
threshold, the charge increased dramatically (in excess of 50×)
and the measured beam divergence increases significantly. The
energy spectrum becomes broad and generally shows multiple
traces of betatron oscillations along energy axis. (i.e., different
beam energies are emitted with slightly different emission
angles which is evident in the measurement of emission angle
versus electron energy in figure 2). Individual traces clearly
indicate continuous injection into the first bubble. Observation
of multiple traces suggests that either that breakup of the single
bunch or multiple bunch injection occurs within the bubble.
Ten consecutive shots with identical parameters are shown in
figures 2(b)–(k) also demonstrating significant fluctuations in
this regime.

More than half of the shots show clear transverse
oscillations i.e., (b), (c), (f )–(h), (i), (k), and often (b), (k)
show separate correlated traces due to multiple bunches which
co-propagate (for example, two bunches which move side by
side together) in the first bubble. Similar multiple bunches
are observed in 2D particle-in-cell simulations [35], in which
a laser beam with an intensity profile asymmetry splits into
two laser filaments propagating side by side. Each of the
laser filaments produces a bubble and therefore accelerate
electron bunches propagating side by side. (b) and (k) are
similar to this ideal 2D case. However, since this trajectory
is sensitive to the initial transverse momentum and position
at the moment of the injection, small asymmetries can cause
non-symmetric oscillation patterns and significant shot to shot

fluctuations. The main reason that the betatron oscillations can
be so clearly observed in these experiments is due to intensity
profile asymmetries of the laser pulse and consequently of the
bubble-shaped plasma wakefield [25, 36–38].

When a higher intensity, more symmetric laser-pulse (with
a0 = 5) irradiated a plasma above the threshold density, a
second electron bunch with higher charge at electron energy
of E < 50 MeV appeared consistently. Such a second bunch
could be generated by a subsequent injection in same bubble
as the first bunch but at a later time, such that acceleration time
is shorter and hence results in a lower energy electron bunch.
The time interval between injection of the first and second
bunches is determined by beam loading of the first bunch. It is
unlikely that injection in a second bubble behind the first one
was occurring since the amplitude of this part of the plasma
wakefield is typically much smaller due to turbulence of the
plasma (i.e., subsequent plasma waves are not driven to the
wave breaking in this regime).

We found necessary conditions for experimental ob-
servations of transverse oscillations in our electron beam
diagnostic to be continuous injection of electrons at a particular
point in the wakefield and an acceleration length less than the
dephasing length but long enough for the beam to undergo
more than one betatron oscillation. When the acceleration
length is longer than the dephasing length, phase rotation of the
electron bunch mixes the accelerating and decelerating phases
of the bunch and, therefore, the experimental trace becomes
too complex to extract useful information.

3
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3. Discussion

To interpret the oscillations observed in these spectra we used
simple analytical models demonstrating that the oscillation
amplitude of the electron trajectory could be retrieved.
We compared two models in the literature, a constant
longitudinal field betatron model [36] and a ‘bubbletron’
model [43]. The constant field betatron model had been
shown to reproduce angularly resolved electron spectrum from
experiments, however this uses an unrealistic assumption
that the longitudinal acceleration field is constant. In our
experiments the acceleration was rather in the ‘blowout’ or
‘bubble’ regime [28–30]. In our measurements, the electron
energy is reasonably well reproduced by the scaling in [30].
We have also previously obtained experimental evidence of
the bubble structure [41]. We used a test particle model
(‘bubbletron’ ) that calculates electron trajectories in the non-
evolving bubble with the initial conditions of an electron beam
according to [43]. In the “bubbletron”, a spherical ion cavity
(bubble) is assumed. The bubble of a constant radius rb moves
at a velocity of vb in the x direction. We used the nonlinear
phase velocity given by vb/c = 1−(3/2)ω2

p/ω
2
0 in the blowout

model [44]. The equation of motion of a test particle (a single
electron) in the bubble yields [42, 29]

dp

dt
= −mω2

p

2
r,

where r = ξ x̂ + yŷ + zẑ. Here, a frame co-moving with the
bubble (bubble frame): ξ = x − vbt is used with laboratory
frame time t . The solution of electron momenta are obtained
as [42]

px = mω2
pγ

2
b

2c

(
r2

b − ξ 2
)
,

py =
(

px

γ0

)1/4
√

p2
y0 +

m2ω2
py

2
0

2

× cos

[
2γp

(
arcsin

(
ct

2rbγ
2
b

)
+

π

2

)]
.

Here, γ0 is the electron beam Lorentz factor and γb =
1/

√
1 − v2

b/c
2 is the Lorentz factor associated with the bubble.

We set ξ = 0 at the center of the bubble. ξ can be
calculated based on an approximation made here i.e., x � ct

and yields ξ � ct/2γ 2
b . The initial transverse momentum

and transverse coordinate of the electron are py0 and y0

respectively. In the spherical bubble, axial symmetry implies
an injection point at y0 = 0 and the transverse momentum
to be py0 = πa0mc/4 [43]. The initial electron energy

becomes γ0 = γb

√
1 + p2

y0/m2c2. The output angle from the

ion channel cavity can be estimated by θ � py/px with the
use of the above equations. The parameters for the bubbletron
model are rb, ωp and a0. The bubble radius is set at matched
spot radius rb = 2

√
a0c/ωp for guided propagation [30].

The experimentally measured electron density from
interferometer data was used to estimate ωp. Since the laser
intensity is unknown in the plasma due to self focusing, a0

was adjusted to fit the observed betatron period. We define

Figure 3. Electron momenta shown as a function of time (ω0t) for
(a) bubbletron and (b) betatron motion, respectively. Dashed line is
px and solid line is py . Plasma density is set at
ne = 1.8 × 1019 cm−3. Parameters are, for bubbletron motion,
a0 = 2.8, for betatron, Ex = mωpc/e, γ0 = 4, and y0 = 4.5 µm.

the adjusted a0 as a0d . The adjusted intensity is typically
slightly (∼10%) lower than that of the vacuum focus. This
is consistent with the a0 estimated from the relativistic red
shift of stimulated Raman side scattering in our experiments
[45]. Comparative results are shown in figures 4(a), (b) as
the image from experiments, solid curve, dashed–dotted curve
(bubbletron model) and dashed curve (betatron model). Data
is displayed which show transverse oscillations having a peak
energy close to the dephasing limit, since ideal results can be
obtained only for situations where the bubble has a precisely
spherical shape. For the betatron model, the longitudinal
constant acceleration field Ex , initial electron energy γ0, and
initial transverse offset y0 are adjusted to obtain a best fit to
the image by use of [36].

It is clear that the bubbletron should be a better fit to the
data than the constant field betatron model, since there is no
limitation on maximum electron energy in this simple theory.
On the other hand, the bubbletron model shows a cut off at
high electron energy. This can be seen in figures 3(a) and (b)
where electron momenta are shown as a function of time for
both models. In the constant field betatron model, the electron
bunch gains energy continuously since the accelerating field
is constant along x. In the bubbletron model, electrons gain
energy until they reach the center of the bubble (ω0t = 0) after
which they lose energy. When the electron reaches the front
of the bubble (ω0t ≈ 2000), the electron eventually moves
backwards (relative to the bubble). This phenomenon is due to
the parabolic shape of the bubble potential, however, in most
cases the laser will deplete before this can occur. The cut off
and the oscillation period consequently depends on rb while
the amplitude is dependent on py0.

The bubbletron model underestimates the amplitude in
figure 4(b) (solid curve) but correctly reproduces the trajectory
for figure 4(c). The bubble radius rb = 6.9 µm is larger
than that in figure 4(a) (rb = 4.3 µm) due to the larger a0

and the smaller plasma frequency. The charge of the bunch
may also affect the trajectory. When py0 is increased to 8.0,
the outermost trace in figure 4(b) is well reproduced by the
bubbletron model as shown by the dotted–dashed curve. The
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Figure 4. Angularly resolved electron spectra. (a) The gray scale image from figure 2(b). (b) Same image is overlaid with the theoretical
trajectory of electrons from the bubbletron (solid curve with py0/mc = πa0d/4 = 2.2, dashed–dotted curve with py0/mc = 8.0) and
constant field betatron (dashed line) motion. Experimental parameters are ne = 1.8 × 1019 cm−3, gas jet nozzle diameter of 2 mm and
a0 = 3.0. Other parameters are; for the bubbletron curve, a0d = 2.8; for constant field betatron, Ex = mωpc/e, γ0 = 4, and y0 = 4.5 µm.
(c) Is an image with high laser intensity (a0 = 4.4) and long gas jet nozzle (5 mm) (not shown in figure 2). This integrated charge is
1400 pC. (d) Same image overlaid with theoretical curves. The solid curve is for the bubbletron with py0/mc = a0d/4 = 3.5, dashed line for
betatron. Experimental parameters are ne = 1.1 × 1019 cm−3, gas jet nozzle diameter of 5 mm and a0 = 4.4. For the bubbletron curve,
a0d = 4.4, for the constant field betatron, Ex = mωpc/e, γ0 = 6, and y0 = 3 µm.

oscillation amplitude is approximately equal to the bubble
diameter for py0 = 8.0 thus the outermost trace represents
electrons moving at the edge of the bubble. The sensitivity of
rb for the fitting is shown in figure 5. The curve deviates from
experimental data when the rb is changed more than 5% from
the best fit results (a0d = 2.8 for figure 5(b), a0d = 4.4 for
figure 5(d)). Uncertainty of rb is less than ±0.3 µm for 5(a)
and ±0.2 µm for 5(c), respectively.

It is remarkable that the single parameter a0 can fit both
the high energy cut off and period as shown in figure 4(a).
Consequently this suggests the validity of the bubbletron model
in these experiments. The oscillation periods are reproduced
well by the model. This shows that trajectories of the electrons
after injection are dominated by the bubble shape (radius of
the bubble), which is not sensitive to beam loading. The
observation that the amplitude is not reproduced by the model
indicates that the initial transverse momentum is sensitive to
beam loading (i.e., collective effects from beam fields within
the bubble). In figure 4(d), the deviation is clear in energy
greater than 233 MeV. This deviation could be explained by
the interaction between laser pulse and the electron bunch
as reported in [47]. And this provides the evidence that the
electron is accelerated in the first wake not from second wake.

The observed bunch charge is high enough such that
beam loading can also change the longitudinal bubble
shape if the bunch length is on the order of plasma wake
period (τp = 2π/ωp) [46]. The plasma wake period for
figures 2(b)–(k) is 26 fs. The influence of beam loading can be
measured by estimating the charge imbalance between bubble
and electron bunch and is given by [40]

C = k4
pr

4
b − 8	0k

2
pr

2
t .

Here, electron bunch density is given by 	0 = k2
pNb/2πnpcτp,

with total electron number in the bunch Nb. rt is the radius of

the sheath of the bubble where the head of the electron bunch
is and is taken to be rb (i.e., maximum energy is achieved
when the head of the electron bunch reaches the center of the
bubble). We assumed electron beam duration to be tp = rb/c.
By taking this duration, the electron beam fills the back half
of the bubble. This assumption is consistent with dephasing
of the electron beam and continuous injection. By substituting
the parameters for figures 4(a), (c) yields C = −340 ± 20,
and C = −1030 ± 30, respectively. Note that due to the
uncertainty of the charge calibration, the lowest estimate of
charge was used for figure 4(c). This means that the bubble is
fully beam loaded in both cases. On the other hand, parameters
for figure 2(a) yields C = −7 indicating in this case it is
close to the beam loading threshold (C = 0). Therefore, it is
clear from our data that transverse oscillations are significantly
affected by beam loading.

It is unlikely that using the bubbletron model alone without
consideration of beam loading can reproduce the experimental
data accurately when the beam charge is high. Indeed bubble
fields will be most influenced at the back of the electron bunch
where electron energies are low rather than at the head of
the bunch. Consequently, the model fails to reproduce the
oscillation amplitude for figure 4(a) where multiple traces are
observed indicating break up of the electron beam within the
bubble. Note that the high energy end of the electron bunch
could be distorted due to interactions with the laser pulse [47]
when the electron beam is close to the dephasing (ξ > rb). The
deviation from the bubbletron model in figure 4(c) at above
230 MeV is likely due to complex interactions with the laser
pulse.

The root mean square (RMS) beam divergence of the
electron bunch above electron energy of 50 MeV is shown in
figure 6 as a function of electron bunch charge. The parameters
for data points are in the range of ne = 1.2–2.1(1.0) ×
1019 cm−3 and a0 = 2.9–3.6 (5.1) for 30 (80) TW points.
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Figure 5. Sensitivity of a0d to the electron trajectory. (a) The gray
scale image from figure 4(a). (b) Same image is overlaid with
theoretical trajectory of electrons from bubbletron model with
variation of a0d from 2.3 to 3.4. (c) The gray scale image from
figure 4(c). (d) Same image is overlaid with theoretical trajectory of
electrons from bubbletron model with variation of a0d from 4.0 to
4.9. Other parameters are identical to the one in figure 4. a0d and rb

are listed in the right of (c) and (d).

Figure 6. RMS beam divergence obtained from angularly resolved
electron spectrum.

The beam divergence increases with bunch charge. This
corresponds to the trend shown in the figure 2 indicating large
transverse oscillation when the electron beam charge is large.
Three factors could be considered to explain this effect. First,
electrons could gain large transverse momentum at the moment
of injection into the bubble when the injected charge is large
which results in large transverse field at the injection point.
This is similar to the results found in [27], where pulse front

tilt achieved a similar effect. Second, the electron bunch can
modify the shape of the bubble as shown by particle-in-cell
simulations [28] and phenomenological theory [40]. Third,
bunch self generated fields can affect the trajectory of electrons
which are neglected in the theory since a symmetric bubble is
assumed.

Since the data points were obtained around parameters in
which beam loading generates quasi-monoenergetic electron
bunches, the first factor is likely the main reason for this
observation.

The data shown in figure 4 indicate that it is possible that
all electrons within the bubble can execute the same bubbletron
motion if the potential is symmetric. From figure 4(c), a few
oscillations can be expected above γ > 100 where most x-
ray photons are emitted as synchrotron radiation. Therefore,
in order to accommodate many transverse oscillations like
‘betatron’ motion, a spherical bubble shape is not ideal but
rather an elongated cylindrical shape may be preferable such
that the observed motion could approach that described in the
betatron model. This elongation could be expected when beam
loading is strong enough to change the shape of the bubble [40].
After this elongation, the injection point of electron moves
backward and consequently the distance between the head of
the bubble and the injection point increases. However, the
Ez field becomes weaker due to beam loading which might
result in a somewhat lower electron energy compared with no
loading.

The observed effect of the increasing beam divergence
with bunch charge suggests a trade off between photon number
(photon energy) and beam divergence (possibly source size)
for generating bright x-ray beams. Increasing bunch charge
yields a larger number of photons and a larger beam divergence
and also hence a large number of energetic photons due to
increased rβ .

4. Conclusions

In conclusion, our experiments have shown evidence for three
regimes of electron injection for LWFA experiments. These
include injection of a single bunch, multiple consecutive
injection events of electron bunches into the wakefield and
injection of a high current beam, which was susceptible
to break up within the bubble due to asymmetries in the
wakefield. Multiple injections were observed at plasma
densities above a threshold where beam loading is effective.
In addition an analytical formula for the ‘bubbletron’ model
shows reasonable agreement with the experimental data in
describing the transverse motion in the bubble, within the
limitations of the model. The RMS electron beam divergence
was found to increase with bunch charge and likely resulted
from beam loading affecting the injection process into the
bubble.
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